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MATHEMATICAL SCIENCES
PAPER-III

Note :(—(i) This paper contains forty (40) questions, each carrying twenty (20)
marks. The first twenty (20) questions pertain to mathematics, the

remaining to statistics.
(ii) Attempt any ten questions.
(Zif) Answer each question in about 300 words (3 pages).
1. (a) Let ¢ be a continuous function on [0, 1]. Then prove that {f}, where
£,@ = oG for all x € [0, 1),
converges uniformly on (0, 1] if and only if ¢ (1) = 0.

() Let E c R” be an open set. When do we say that a vector valued function
F: E - R™ is differentiable ? \

Let E = R? - {(0, 0)} and define F : E > R? as F = (f, s Whére\

2 2 x3

x- -y
x, 9 = 57—, folx, ) = ——
fi Yy 2+ y2 fa y 2 4 y2

for all (x, y) € E. Check if F is in C!(E). State the result you use.

2.  Obtain the first three terms of the Taylor’s series expansion in powers of

1
(z = 1) of the function 3
1+ 2

3. Let G be a region in the complex plane. Suppose a function f is analytic
on G and there is ¢ € G such that |[f(a)| < |f(2)| for all z € G. Prove
that either f(a) = 0 or f is constant.

4. Let S be the symmetric group on n symbols and A the corresponding
alternating group. If ¢ and b belong to S, but not to A, prove that
ab € A..

5. (a) Let f be a real-valued function on R. Prove that {x € R|fx) > a} is
measurable for every o in R if and only if {x € R|f (x) > r} is measurable

for every rational r.
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6.
7.

8.

(b)

Let E be a measurable subset of R of positive Lebesgue measure and
. N .

let f be a non-negative measurable function on E. ﬁkJ.E fx)dx = 0,

prove that f(x) = 0 for almost all x in E.

Construct a field of 9 elements.

(@)

(d)

Let X and Y be Banach spaces and T be a bounded operator from X
to Y. Let N be the null space and R the range of T. Show that :
() N is a closed subspace of X.

() @ : %(T- — R defined by

®(x + N) = T (x) is a bounded linear operator from % onto R,
which is one-to-one.

(iii) ® is a homeomorphism if and only if R is closed in Y.

Let H be a complex Hilbert space and le) ey e, ... } be a countable
orthonormal set in H. Let {a,} be a sequence of complex numbers such
that

2 o, |2 < oo,
n=1

Show that

Y ey
n=1
converges in H and if
x = Y oe,
n=1

then o, = (x, e), for each n.

(a) Define a locally connected space and give an example of a locally connected

space which is not connected.
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(b) Prove that every component of locally connected space is open.

(¢) Prove that a compact locally connected space can have only a finite number

of distinct components.
9. (a) Prove that every finite subset of a lattice has a glb and lub.

(b) Describe Kénigsberg bridge problem and draw a graph for the same.
Using a suitable result from Graph theory show that it is not possible
to walk over each of the seven bridges exactly once and return to the
starting point. State the result you use.

10. Prove or disprove :
(@) If the Diophantine equation a?x + by = ¢ has a solution, then the
Diophantine equation ax + by = ¢ also has a solution.

(b) If the Diophantine equation ax + by = ¢ has a solution, then the Diophantine

2

equation a*c + by = c also has a solution.

11. Prove that, at points of intersection of the surface a (yz + 2x + xy) = xyz
. with the sphere x% + y% + 22 = p?, the tangent plane to the surface makes
intercepts on the coordinate axes, whose sum is constant.

12. (@) Define Lipschitz condition and hence discuss the existence and unique-
ness of solution of the initial value problem :

d
L= 33 50 = 0.
dx

(b) IfV (x,y,z) is a homogeneous function of degree n and satisfies Laplace’s
equation, then prove that :
VZ™V) = m(m + 2n + 1) rm2y,
13. (a) Solve the partial differential equation :
u, =—-u._.
_ xy x
(b) Find the eigenvalues and eigenfunction of the following Sturm-Liouville
problem :

¥+ hy = 0, y0) = 0, yD = 0.
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14. For a certain dynamical system the kinetic and potential energies are :
T = %{(1 + 2k)6% + 200 + ¢%),
Vo= 2l s D6+ 97,

where 0, ¢ are generalised coordinates and n, k are positive constants. Write
down the Lagrange’s equations of motion and deduce that :

1+ & _
k)w—w—

®- ¢+ n2(

Hence prove that if 8 = ¢,0 = ¢ at t = 0, then 6 = ¢ for all ¢

15. (i) For an isotropic elastic material, find a relation between the first invariants
of stress and strain; use this result to invert Hook’s law so that strain
is a function of stress.

(Zt) With reference to an x-, y-, z-coordinate system, the matrix of a state
of stress at a certain point of the body is given by

2 4 3
T={40 0]
30 -1

Find the stress vector and the magnitude of normal stress on a plane
that passes through the point and is parallel to the plane

x + 2y + 22 = 6.
16. Test whether the motion speclﬁced by
g=-wyl +ax] (o= const)

is a possible motion for an incompressible fluid. If so, determine the equations
of the streamlines.

Also test whether the motion is of the potential kind and if so determine
the velocity potential.

17. Find the curve passing through (0, 0), which extremizes the integral
J. e - dx
o Ty
satisfying y (x,) = y, (Brachistochrone problem).
Math. Sci.—III 6
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18. Establish that the boundary value problem

2
u+?~y=0

dx2
y0)=0,y(d) =0,

where A is a constant, is equivalent to the Fredholm equation :

y® = A [ K@ © y®ad,

where

___E.,(l—bx) , £ < x

K, § =

-8 , &> x
l
19. (a) For the following initial value problem, use Euler’s modified method with

h = 0.1 to obtain y (1.2), and compare it with the exact solution :

y =22 41 = 1.
X

(b) Set up a Newton iteration for computing the solution of equation :
2 sinx = x.
Obtain the solution correct to four decimal digits.

20. (a) Find Laplace transform of

sinx

, x # 0.
x

 (b) Solve the following initial value problem using Laplace transforms
¥+ 3y + 2y = f(x); y0) = 0 = y(0)
where
,0<x<a

flx) = {(1)

, X > a
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21.

22.

23.
24.

Consider the L.P.P. : A
Maximize : Z = 5x, + 12x, + 4x,

Subject to :
x1+2x2+x3310and
2%, — x, + 3x; = 8
Xg, Xg5 X5 2 0.

(@)

(®)

Find its dual and solve it (by any method). Also find the optimal solution
for the given L.P.P.

Suppose {A'} is a sequence of measurable sets in a measure space
(Q, A, w. If Zp(A) < o, show that :

p(dim sup A) = 0.
If X is an exponential r.v., show that :

PX >nio)=0.

State and prove Kolmogorov’s inequality.

(@)
%)

(c)

(@)
(b)

Define a Martingale.
Let {Y } be a sequence of i.i.d. r.v.s such that Y > 0 and EY = 1. Let

X =

n

T:]:

n
Y, and Z, = 2 Y, —n.
1 k=1

Examine whether {X } and {Z} are martingales.

Is

also a martingale ?
State SLLN.

State a sufficient condition for a sequence {X } of independent r.v.s with
VX)) = an < o to obey SLLN.
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26.

27.

(c) Examine whether SLLN holds for the sequence {X } of independent r.v.s
given by

PX, =0 = — 0 e R

1
PX, = 0 = 1- —.
n

Let the joint probability mass function of r.v.s. X and Y be defined by

C y =x,x+ 1L x+ 2, ......

2x+y ’ ’
flx, ) = x =2 8 4, ...

0 otherwise

Find :

(@) the value of C

(Zi) the marginal probability mass functions of X and Y
(Zit) the conditional distribution of Y given X = x.

X is a random variable defined over a probability space (R, T, P). A real
valued function G is defined by

G(x) =PX <£x) for x € R.
Show that G is a cumulative distribution function.

Examine whether the function G defined as

[ 0 for x < -1
1
—%{ for -1 <x<0
G(x) = { 9
2+x for 0 < x < 2
9
Ll for x 2 2

is a cumulative distribution function. Obtain the values of the jumps of G
at the points of discontinuity, if any. Also find P (|X| < 1/2).
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28. A simple random sample of size n is drawn from a normal distribution with

29.

30.

31.

32.

mean zero and variance o2. In order to test the hypothesis H, : o? = 1 against
H, : o2 > 1; two test procedures are suggested.

S x2
Test 1 : Reject H, if —iﬁ- 2 Gy
Z(xi—-f)z >

Test 2 : Reject H if noD > C,

C, and C, are chosen so that the two tests have the same level of signi-

ficance o.

Determine C, and C, for given o and obtain the value of the power function
of the two tests for o? = 2.

The following data represent life times (hours) of batteries for two different

brands :
Brand A : 40 30 40 45 55 30
Brand B : 50 50 45 55 60 40

Compute the Kolmogorov-Smirnov statistic to test H; that the population
distribution of lengths of life for the two brands is the same.

Let T, and T, be two unbiased estimators having common variance 0o (o> 1),
where o2 is the variance of the UMVUE. Show that the correlation coefficient
between T1 and T2 is at least (2 — o)/o.

Explain, what you understand by nth order statistic. Obtain the distribution
of (i) median, (i) range of a random sample of size n drawn from a population
with density f, (x).

X’s are iid. rv.s with EX) = 0, V(X) = o? and E (X*) = 30*. Obtain the
asymptotic distribution of

n
Y, = ¥ X2
i=1

State precisely any result that you may use.
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33.

34.

35.

36.

37.

38.

Let X ~ N, (0, 0'213). Consider the following quadratic forms :
Q, = X¥ + X2 + 2X2 + 2X,X,)/2
Qy = X + X2 - 2X,X,)/2

Examine whether Q1/0'2 and QZ/G2 are distributed as Chi-square stating clearly
the result you use. State the degrees of freedom in case either of them is

~ Chi-square.

Explain how you would reduce the Gauss-Markov setup (Y, XB, 62G) to standard
form, where G is a known positive definite symmetric matrix.

Establish necessary and sufficient condition for the estimability of linear
parametric function in the standard Gauss-Markov setup.

Show that conventional ratio estimator is unbiased under Sen-Midzuno sampling
scheme. Obtain the variance of this estimator.

Show that the necessary and sufficient condition for a block design to be
connected is

Rank (¢) = v - 1.

Consider the classical gambler’s ruin problem where gambler A having an
initial capital x plays against B whose initial capital is (@ — x). If A has
a chance p of success in a single game and they play with one rupee as
stake, find the probability of ruin of A. In this context, explain the statement
“Expected gain. of A is zero if the game is fair to both A and B”.

(@) Define :
(z) long run distribution;
(i) stationary distribution,
of a Markov Chain (M.C.).
(b) Examine whether a unique stationary distribution exists for an M.C. with
TPM P given by
/2 0 1/2. 0
1 0 0 0
1/3 1/3 1/3 0
1/4 1/4 1/4 1/4

Also obtain the long run distribution.
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39. What is rectifying inspection ? How does it help in improving the quality
of outgoing product ? Design a rectifying inspection single sampling plan with
a specified AOQL.

40. (a) Explain what you understand by (r, s) inventory policy.

| (b) The daily demand for a perishable item during a day occurs instanta-

‘ neously over (0, 10). The holding cost of the item during the day is 50

‘ paise and the unit penalty cost for running out of stock is Rs. 4.50. The
unit purchase cost is 50 paise. A fixed cost of Rs. 5 is incurred each
time an order is placed. Determine the optimal inventory policy for the
item, if it exists.

|

\

|

|
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